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Optimum Sensitivity-Based Statistical Parameters
Estimation from Modal Response

Y. Araki* and K. D. Hjelmstad'
University of Illinois at Urbana-Champaign, Urbana, Illlinois 61801

Based on the concept of optimum sensitivity, we present a method for estimating the mean and covariance of
parameters of a mechanical system from the statistics of its measured modal response. The optimum sensitivity,
defined as the sensitivity of system parameters with respect to observed output, is obtained by direct differentiation
of the Kuhn-Tucker optimality criteria for a nonlinear least-squares output error estimator. With the optimum
sensitivity derivatives up to the second order, we can estimate the second-order approximation of both the mean
and covariance of the system parameters by applying methods developed originally for evaluating the output of
uncertain systems based on the more conventional notion of sensitivity, the sensitivity of system response with
respect to system parameters. The present approach allows us to assess the bias due to nonlinearities in the least-
squares estimator whereas conventional sensitivity-based methods do not. Furthermore, the present method is
generally much more efficient than Monte Carlo simulation because nonlinear optimization is performed only
once. We demonstrate through example problems that, compared to the conventional sensitivity-based methods,
the present method provides statistical indices that are more consistent with those obtained by Monte Carlo

simulation.

Nomenclature
a = level of uncertainty in measurement
e = error function
J = objective function
K = stiffness matrix
M = mass matrix
Np = number of degrees of freedom
N; = number of measured locations
Ny = number of measured modes
Np = number of system parameters
RY = covariance of estimate vectors
R® = covariance of measurement vectors
x = system parameters
xV = nominal value of system parameters
x* = estimate of system parameters
X = mean of estimates of system parameters
fo = mth modal weighting factor
(O] = measurement vector
() = mean of measurement vectors
®, = pthcomponentof @
b, = mtheigenvector
o = mth natural frequency
V() = gradientwith respecttox
V.0 partial differentiation with respect to x;
Subscript
Y = partial differentiation with respect to & u

I. Introduction

NCERTAINTY, both in observations and in system parame-
ters, plays a significant role in parameter estimation, wherein
system parameters are estimated by minimizing the difference be-
tween observations and predictions of a model based on the system
parameters to be estimated.'> Many researchers have recognized
that a statisticalapproachis needed for this class of problems. In this
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paper, we shallreferto the following problem as statisticalparameter
estimation: Given the probability distribution of a set of observa-
tions, find certain statistical indices of the system parameters. The
basic framework of statistical parameterestimation is schematically
illustrated in Fig. 1a. This problem is important when, for instance,
we assess the bias and covariance of estimates, which can be used to
find the best measurement locations. This problemis different from
that solved in the Bayesian framework or the maximum likehood
method, in which one usually obtains a unique estimate as the most
likely value of the system parameters from a single measured data
set, knowing probability distribution of system response given the
system parameters.

Parameter estimation is generally cast as least-squareserror min-
imization. If the error function is linear in the system parameters,
the least-squaresminimizationis a quadraticprogramming problem,
and a closed-form expression of an estimate of system parameters
is possible. Moreover, if the error function is linear with respect not
only to system parameters, but also to measured outputs, we can ob-
tain closed-formexpressions for the statistical indices of the system
parameters in terms of the statistical indices of the measurements.
On the other hand, if the error function is nonlinear, iterative pro-
cedures are generally required to solve the nonlinear optimization
problem. Many parameter estimation problems in the field of struc-
tural mechanics fall into this class of nonlinear least-squares error
minimization problems.>~’

To obtain the statistical indices of system parameters in the non-
linear least-squaresminimization, Monte Carlo simulation has been
used frequently in the literature."** In a Monte Carlo simula-
tion, synthetic observations ®; (i =1, 2, ...) are created by using
computer-generated random numbers such that the sample has a
specified probability distribution as shown in Fig. 1b. Next, a set
of parameter estimates x; are obtained by repeating the nonlinear
least-squares minimization for each artificial observation. Approx-
imate statistical indices of the set of estimated system parameters
can be obtained according to the standard definition of the statistical
indices of a finite discrete data set. Thus, the basic concept behind
the Monte Carlo simulation is simple and straightforward. The ap-
proximations improve as the number of synthetic measurements
increases. The Monte Carlo simulation is, however, often computa-
tionally expensive because nonlinear optimizationis repeated many
times.

In this paper, based on the concept of optimum sensitivity, we
present a statistical parameter estimation method for a nonlin-
ear least-squares estimator. Throughout this paper, we concentrate
on parameter estimation from modal response. In this problem,
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Fig. 1 Basic concepts of a) statistical parameter estimation and b)
Monte Carlo simulation [probability distribution of measurements
(PDM), statistical indices of system parameters (SISP), nonlinear least-
squares minimization (NLS), Monte Carlo simulation (MCS), statistical
evaluation (SE)].

optimum sensitivity can be viewed as the sensitivity of system pa-
rameters with respect to system outputs, the eigenvalues and eigen-
vectors of the free vibration problem, which can be measured in
a number of different ways. It should be evident that the ideas
can be easily extended to static and transient dynamic parameter
estimation. The notion of optimum sensitivity used here is con-
ceptually different from, although closely related to, that of con-
ventional sensitivity, the sensitivity of the system response with
respect to the system parameters. Following the approach outlined
by Sobieszczanski-Sobieski et al.” and Schmit and Chang,'® we ob-
tain optimum sensitivity derivatives by direct differentiation of the
Kuhn-Tucker optimality criteria. This approach is generally more
robust with respect to roundoff errors and more efficient than the fi-
nite differencemethod used by Sanayei et al.® From the viewpointof
statistics,optimum sensitivityderivativesenable us to apply efficient
methods for evaluating the statistics of vector-valued functions,'
which were originally developed for evaluating the output of un-
certain systems based on conventional sensitivity information. We
employ the perturbation method!? because of its simplicity and
efficiency.

The organization of this paper is as follows. Section II presents
the basic equations for parameter estimation from modal response.
Section III describes the formulation of optimum sensitivity. In
Sec. 1V, based on the perturbation method, we derive the formu-
las for statistical parameter estimation using the optimum sensitiv-
ity derivatives. In Sec. V, we show that the present method can be
viewed as a generalization of the statistical parameter estimation
methods that use the conventional sensitivity. In Sec.VI, we exam-
ine the performance and limitations of the present method via two
example problems.

II. Parameter Estimation from Modal Response

The basic equations are given in this section for parameter esti-
mation of a structure from modal response. We make the following
assumptions on structural modeling although more general mod-
eling is possible!>!'*: 1) The structure is discretized with a finite
element model with Nj, degrees of freedom (DOF). 2) The stiffness
matrix K is parameterizedby a system parameter vectorx with Np
components. 3) All of the system parameters but x are known and
deterministic.4) The structure is undamped. 5) Structural response
is linear with respect to external loads. With these assumptions,
our objective is to estimate x. The eigenvalue problem associated
with free (undamped) vibration of the structure can be expressed
as

K(x)$, = 0, M, (m=1,2,...,Np) (1

where , is the mth natural frequency and ¢,, is the eigenvector
correspondingto @,,. Throughoutthis paper, ¢,, is normalized with

¢, =1, where ¢,;™* is the component that has the maximum abso-
lute valuein ¢,,. For simple presentationof our method, we make the
following assumptions concerning the observations: 1) Ny, (<Np)
modes are measured at N; (<Np) discrete locations. 2) The total
number of measurements exceeds the number of system parame-
ters, thatis, N, Ny, > Np. 3) We consider uncertainty only in mode
shape measurements, and we do not consider uncertainty in mea-
sured frequencies. Note, however, that it is straightforwardto incor-
porate the uncertainty of frequencies. The quantities corresponding
to the measured and unmeasuredlocationsare indicatedby caratand
tilde, respectively. To wit, ¢,, and ¢,, refer to the parts of ¢,, as-
sociated with the measured and unmeasured locations, respectively.
Let a superscript 7' indicate the transpose of a vector or a tensor.
Let the eigenvector ¢,, be partitioned as ¢], ={¢? |’ }. Define a
measurement vector® of N; N,, components as

é)TE{(f;IT,(fAJZT,...,Qg/(/M} 2)

From the measurement®, we estimate the system parameter vec-
tor x as the solution of the constrained minimization problem

min J (x, ®) &)

subject to ¢, <x <cy, where ¢, and ¢y are the lower and upper
bounds of x specified prior to the optimization. With modal weight-
ing factors a,,, we define the least-squares objective function J as

Ny
J = % Z a”le(xs (2;”1) ! e(x’ (2;’”) (4)

m=1

where the center dot indicates the vectorinner product. Let the mass
matrix M be partitioned with columns associated with measured
(¢) and unmeasured (¢) DOF M =[M |M], where M is N X N,
and M is Np X (Np — Ni) in size. Let the stiffness matrix K be
partitioned similarly. Furthermore, define My, =[0 | M] to be the
mass matrix with the M part zeroed out, that is, 0 is an Np X N,
zero matrix. With these definitions, we define the error functione,,
as
en(x, ¢,) = ¢, — @, 0B, (x)M, )

Here Q is a boolean matrix and can be defined as Q = 8(51/8(;‘)1,
which is the same for each mode, and B,,(x) =K(x) — a)ﬁlMo. As
demonstrated by Hjelmstad et al.,'* the error function e,, is iden-
tically zero when the mode shapes and frequency are the same as
those gained by Eq. (1) for given x. Note that we deliberately avoid
the use of regularization,or penalty, methods in this paper because it
is oftendifficult to set appropriatepenalty parameters. It is, however,
straightforward to incorporate them.

The parameter estimates can be found using a standard numerical
technique for constrained nonlinear optimization.*"'* Define the
Lagrangian function L as

LaAD) =T, D)+ 2, (cr —x)+ A - (x—cy)  (6)

where A, and Ay are the vector of the Lagrangian multipliers corre-
sponding to the lower and upper bounds, respectively.Let V denote
the gradient with respect to x. Then the optimal solution x* and A*
satisfy the Kuhn-Tucker conditions

VL) =VJIx) =X+ A} =0, XL —x")=0
Ayt —ey) =0,
AL =0,

cy—x">0

*
A; =0 7
where colon indicates the component by component multiplication

of vectors. For active subsets /\zA and /\zA of the Lagrangian mul-
tipliers ] and A7, Eq. (7) can be rewritten as

QL (x* — CL) =0
Qu(x —cy)=0 ®)

Vi) —QIx" + 0l =0,
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where the boolean matrices O, and Qy extract the sets of active
constraints for the lower and upper bounds, respectively.

III. Optimum Sensitivity

Following the approach of Sobieszczanski-Sobieski et al.” and
Schmit and Chang,' we present the formulation for obtaining op-
timum sensitivity, the sensitivity of the estimate x* with respect to
the observation @. Suppose that we have the solution of the mini-
mization problem (3). Then, noticing that all x*, X and /\zA are
functions of @, we can obtain the optimum sensitivity by direct dif-
fgrentiationof the Kuhn-Tucker condition (8) with respectto D. Let
®@,, denote the uth componentof @, and let the optimum sensitivity
derivatives be indicated by

ox* o%x*
—, X, == 9)
20, 30,00,

*
x,u_

Define differential operators in component form as

_ 0 N
vz()_ 3xi’ v,]()_ 3xi3xj
v; ()=& (10)
ijk o 8xi3xj3xk

where all of the subscripts, j, k range from 1 to N. Differentiating
Eq. (8) with respectto ®,, we have

Vi—0p 0f | ¥ C,
-0, 0 o [|XL=]0 (1)
QU 0 0 ’\X\u 0

where the coefficient matrix V2J and the known vector CL are
obtained in component form as

Nm
Vi = Zam (e,,, Vien+Vie, - Vje,,,) (12)

m=1

Ny
[CL]I, =-V,J,=- Zam(em Vien, +Vie, e, (13)

m=1

When the number of the active constraints is small, this simul-
taneous equation can be solved efficiently using the bordering
algorithm.’> All of the derivatives of e,, that appear in this sec-
tion are given in detail in Appendix A. By solving Eq. (11) for each
index u(u =1,..., N;Ny ), we can obtain the first-order optimum
sensitivity derivativesx* XZ‘”, and /\:ffu. Note that V2J is same
for every p and needs to be factored only once.

We can obtain higher-order derivatives by repeated differentia-
tion of the Kuhn-Tucker conditions. For instance, differentiationof
Eq. (11) withrespectto @, yields the equations for the second-order
optimum sensitivity derivativesx*, , A} ... and A}, , as

Juv? SR pve U,uv
v —0p o[ ¥ Cl
-0, 0 0 Xil=1 0 (14)
Qv 0 0 X 0

where the known vector Civ in Eq. (14) can be expressed as

[Civ]i = —xj‘u 'Z"xj‘v— [vz‘]»“xj‘\’] - [vz‘]»"xj‘u]i - vi‘]»#v

i

(15)

The terms required to evaluate this expression can be computed
as
Ny
— U3 § : 3 2
[Zi]jk :v,‘ij = Ay (em ' v,‘jkem +viem 'vjkem

m=1

+Vje,,, ' Vziem + Vkem ' V?jen,)

Ny
vl‘zj-],u = Z a,y, (em ' vl‘zjem,u + viem ' vjem,u

m=1

+Vie, Vie,,+e,. Vie )

ijém

Ny
vz‘J,uv = § a,,,(em ' viem,uv + viem "€y +em,u ' viem,v

m=1

+em,v' viem,u) (16)

Note again that V2 J need not be factored again in the computation
of the second-orderoptimum sensitivity derivativesbecauseitis the
same as that for obtaining the first-order derivatives.

IV. Statistical Parameter Estimation

Based on the perturbation method,'"!? we derive the formula
for the approximate statistical indices of the system parameters.
Suppose that we have the mean and covariance of the measurements
defined, respectively, as

d = E[D] a7
R® = E[(® - D) @ (® — D)] (18)

where @ indicates the tensor product. Suppose that we also have
the optimum sensitivity derivatives up to second order. Our goal is
to estimate the mean ¥* and covariance R*" of system parameters.
With a Taylor series expansion, we can express the estimated system
parameter vector as

NLNy
F@D) =r@+ Y @, -,
n=l1
NL Ny NLNm _
+3 20 2 XD =)@ -+ 0" (19)
pu=1 v=1
Equation (19) is validunlessthe set of the active constraintschanges.

With these definitions, the statistical indices of the system parame-
ters are approximated as

| NNy NNy
F=Er@]=x@+5 ) ) w DR O 20
p=1 v=1
R = E[(x"(®) — ) ® (x"(®) — ¥)]
NLNy NLNy
=3 > x@®ex (@R, + 0O (1)
p=1 v=1
With Egs. (20) and (21), we can obtain the statistical indices of the
system parameters as shown in Fig. 2a.

As a simple example of uncertain measurement distributions, let
us consider the proportional error given by

D, =D, (14¢) (22)

where ¢, is a uniform random variate in the range [—a, a] (Refs. 3,
14). With these simplifications, Egs. (20) and (21) lead to the fol-
lowing formula:

2 NLNm
F@=x@+% ) X @400 23)

u=1
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Fig. 2 Basic concepts of a) optimum sensitivity based method and b)
conventional sensitivity based methods [statistical evaluation based on
optimum sensitivity (SEOS), quadratic programming problem (QPP),
statistical evaluation based on conventional sensitivity (SES)].

:
; l No
;

2 NeNu
R (a) = % Y @ ex, @ +0t (24

u=1

In Sec. IV, we will use the amplitude a to quantify the level of the
uncertainty present in the measurements. In addition, we assume
that m,, and @ are given as the solution of the eigenvalue problem
Eq. (1) for the specified nominal value xV regardless of the value of
a, unless otherwise specified. Note, however, that it may be difficult
to justify this assumption when a is large because many factors
contribute to the uncertainty in the observation. Although we have
to be careful in such a case, we employed this assumption because
itis simple, it has been used frequently in the literature, and it leads
to some interesting observations.

The following remarks can be made:

1) Equation (20) shows that both the second-order optimum sen-
sitivity derivatives and the covariance of the observation have the
dominant effect on the estimated mean of the system parameters.

2) With Eq. (20), we can assess how the estimation bias is likely
to manifest.

3) From Eq. (21) we can see that the first-order sensitivity deriva-
tives, along with the covariance of the measurements, influence the
covariance of the system parameters the most.

4) The third-order terms are exactly zero in Egs. (23) and (24).

5) The sensitivities xfuv do not appear in Eq. (23) for u #v.
Hence, they need not be computed in this case.

V. Comparisons with the Conventional
Sensitivity-Based Methods

In this section, we show that the optimum sensitivity-based
method can be viewed as a generalization of the conventional
sensitivity-based methods, wherein conventional sensitivity (i.e.,
the sensitivity of system response with respect to the system pa-
rameters) is used to obtain the mean and covariance of the system
parameters.Link'* gave a conciseexplanationof how one can use the
conventionalsensitivity informationin two conventionalsensitivity-
based methods, the classical weighted least-squares method and the
extended least-squares method. The classical least-squares method
usesno penalty function, whereas the extendedleast-squaresmethod
uses the penalty function defined by the increment of the system
parameters and the estimate of the covariance of the system param-
eters specified before optimization. Similar procedures are used to
obtain the statistical indices of the system parameters in the mini-
mum variance method, where the estimate of the covariance of the
system parameters is updated at each iteration in the optimization
process.*16

Letusderive the formulationfor parameterestimationfrom modal
response using conventional sensitivity information. We omit the
inequality constraints in this section to simplify the discussion, al-
thoughitis straightforwardto incorporatethem. In the conventional
sensitivity-based methods, nonlinear least-squares minimization is
performed only once for the mean of the observations® as shown in
Fig. 2b. Let a superscriptn(=1, 2, 3, .. .) indicate that the variable
is evaluated at the nth iteration in the nonlinear optimization pro-
cess. Let us suppose that the mean of the system parameters X"~ !

is known at the (n — 1)th iteration. The subproblem at the nth iter-
ation is, then, to find Ax" =x" — X"~ ! that minimizes the objective
function J; defined hereafter. With the first-order Taylor series ex-
pansionabout¥” ~ !, the linearizederror functione! canbe defined
as

el (Ax”, (17),,,) =e, (i”_l, (17),,,) + Ve, (E”_l, (Z),,,)Ax” (25)

With this linearized error function, we can define the objective func-
tion J; as

Nm
JH(Ax", @) = % Z aey, (Ax", ¢,,) e, (Ax", $,) (26)

m=1

The increment Ax" is obtained by solving the simultaneous linear
equation

oJ} (Ax”, (17)”,)

=H & ' DA +C'E L, d)=0 (27)
0Ax"

where

Ny Ny
[H,]; = Zamviem 'vjem = vl‘zj‘] - Zamem ' v?jen, (28)

m=1 m=1

Ny
(€)=Y Ve, e,=V.J (29)

m=1

Observe that Eq. (28) corresponds to the Gauss-Newton approxi-
mation of the Hessian of J, where the errorfunctionis approximated
ase, =0.

Next, consider the statistical indices of the estimate at each it-
eration. In the conventional sensitivity-based methods, the original
error functione,, is often defined such thate,, is linear with respect
to D, that is, e,, has no cross terms between x and @. Nonetheless,
the output error estimator defined by Eq. (5) has this cross term.
A modification is, therefore, needed to obtain the statistical indices
of the system parameters based on conventionalsensitivity. For this
purpose, we linearize the error functione,, with respectnot only to
x but also to @. Let us define another linear error functione?  as

NLNm

e (Ax”, A(f)m) =el (Ax”, q‘),,,) + Z €. (i”_ h (Z),,,)Ad)u

u=1

(30)

where AD=® — ®. Let us define a new objective function J7 as

Ny
JHAX", AD) = % Z a.er (Ax”, Aq?)m) er (Ax”, Aq?)m)

m=1

3D
We obtain Ax" by solving
dJ2(Ax", AD s .
P20 i@ DAY + @ D)
oAXx"
+H,@ ", d)AD =0 (32)

where the i puth element of H, is defined as

Ny Nm
[HZ]iu = Z amviem o = viJ,u - Z amviem,u e, (33)

m=1 m=1

Notice that H, can be regarded as the Gauss-Newton approximation
of V J ... The solution of Eq. (32) is obtained as

Ax" = —H{'C’ — H'H,AD (34)
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where Hl_1 indicates a generalized inverse of H,. Noticing that
E[A®]=0 and E[A D ® AD]=R®, we obtain the statistical in-
dices of x" as

¥ =E[x! +Ax”]=.§”—1—H1_1C0 (35)
R = E[x"—%) @ x" —x")] = HI_IHZRCDHZTHI_T (36)

At the optimum solution, Eq. (36) yields the covariance of x*.

The following remarks can be made:

1) In the conventional sensitivity-based method, there is no need
to evaluate R*" at each iteration to obtain R*" because only X"~ ' is
needed to update x” and R*".

2) With the Gauss-Newton approximation, the first-order op-
timum sensitivity derivatives computed by Eq. (21) reduce to
—HI_IHZ in Eq. (34) evaluated at x =x*. Note here that C*=0
atx =Xx" and that H, and H, are the Gauss-Newton approximations
of V2J and V J ,, respectively.

3) Equations (20) and (35) show that the conventionalsensitivity-
based methods provide no information on the bias of an estimate
due to the nonlinearitiesin the error functions.

4) Compared to the conventional sensitivity-based methods, the
present method requires additional computations of higher-order
derivatives, for example, V2J and V3J. Nonetheless, because
these additional computations need to be performed only once, the
presentmethod is usually much more efficient than the Monte Carlo
simulation.

5) One can recover the mean and covariance of the conventional
sensitivity-basedmethodsby neglectingcorrespondinghigher-order
derivatives and by applying the Gauss-Newton approximationsin
the optimum sensitivity-basedmethod.

VI. Example Problems

In this section, we examine the performance and limitation of the
presentmethod along with the Monte Carlo simulation.In Sec. IV.A,
we derive closed-form expressions of the statistical indices for the
two-DOF spring-mass system shown in Fig. 3a. Then, for this sys-
tem, we compare three sets of the statisticalindices obtained by the
closed-formsolution, the present method, and the Monte Carlo sim-
ulation. Note that for more general and complex models, it would
be very difficult, if not impossible, to derive such a closed-form
solution. Hence, the two-DOF example provides a valuable oppor-
tunity to evaluate these methods. In Sec. VI.B, we apply the present
method and Monte Carlo simulation to the six-DOF spring-mass
system depicted in Fig. 3b to demonstrate the more general case.

A. Two-DOF Spring-Mass System

Let us estimate the statistical indices of the stiffness parameters
of the two-DOF spring-mass system shown in Fig. 3a. We assume
that the natural frequency and the mode shape are measured only
for the first mode at both DOF (N, =1 and N, =2). We consider
only the lower bound ¢, =0. The eigenvalue problem for the first
mode can be written as

x1+x, —x ) m 0 )
1 2 2 t H a)f 1 : 1 37)
—X X3 D, 0 my||o,
Noting that the left-hand side of Eq. (37) is a linear combination of
x and x,, we can rewrite Eq. (37) as

@ o, - X m 0 @
0 —@, +d,][% 0 my||o,
Assume that é)l #0 and é)l 75432. Then the estimate x* can be
obtained uniquely as
xp = aflmy +my(D,/ D)) (39a)

X5 = otmy[ D,/ (0, — D)) (39b)

Observe that the estimate x* is a function ofé)l and é)z.

X1 x2
a) Two-DOF
1 X1 X1 X2 X2 X2
DOF 1 2 3 4 5 6
b) Six-DOF spring-mass systems
Fig.3 Example models.

With Eq. (39), we can derive the closed-form expressions of the
exact and approximate statistical indices of x*. First, consider the
exact statistical indices. Define A;(a) as

@, + 1 1+
A= ;, A,y(a) = —log a
q)l_q)Z 2a 1—a
Aya) 1 . 1 —a®
a)= og

T (o )e T 1-Al

1 1+ Aa 1 —a?
Aya@) = ——log ———  Ag(a) = log ———— (40
a(a) TAa Ogl—Ala s(a) 02T o (40)

1

Recall thata is the level of the uncertainty present in measurements
defined in Sec. IV. Performing integration in accordance with the
standard definition of mean and covariance of continuous functions,
we obtain the exact statistical indices as follows:

0
T(a) = o |:m1 +m232A2(a):| (41a)
1
T T 2
2 D, @, 4
+ Ax(a) QT)‘+QT)2AA() (41b)
a —_ - - a
2 q)z q)l 1414
R* Y ) &)ZA 1 2q_)§az+3 —%2
11(a) = o m1+2m1m231 Z(a)—gngfaz—l — X (a)
(41c)
. D, | As(a)+ (A2 —1)As(a)
Ri(a)= oim3ii1+ 3, 2
+As(a) — A Ag(a) | ¢ — X32(a) (41d)

x x 2 ¥ ;2P
Rlz(a) = Rz](a) = COI (ml + m2)x2(a) + wlngAZ(a)
1

—XJ(a)x3(a) (41e)
As shown in Appendix B, we have the following relations:

lim As(a) = lim As(a) = lim Au(a) = 1, lim As(a) =0
a—>0 a—0 a—0 a—0

(42)

With these limits, we can show that
lim ¥*(a) = x*(®), lim R (a) = 0 (43)
a—0 a—>0
Next, let us consider the approximate statistical indices using
optimum sensitivity. Because we have the closed-form expressions
of x*(®), it is straightforward to obtain the optimum sensitivity
derivatives. Differentiating x* with respect to @ and substituting
the derivatives into formula (23) and (24), we have
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- q_) C()zm q_)
Xj(a) = CO% <m1 + ngz) + 2 224 0

1 3o
. ) O, Dy(D, + D
X(a) = a)fm2+ + a)%mzwaz + o
D, - @, 3(Dy — @y )?
2 ®32

RY(a) = =o'm?=2a> + O*
11(a) 3 2®%

2 D2P?
R, (a) = —a)‘l‘mg%az + ot
3 (D — @))*
R*(a) = RY(a) = —zw“mziaz +OY (44
12 — a1 - 3" 2(&)2_&)1)2

Based on the preceding equations, we can compare numerically
the X*-a relation, or the relation between the estimated mean of the
system parameters and the level of uncertainty in the measurement,
obtained by the exact expressions [Eq. (41)], the present method
[Eq. (44)], and the Monte Carlo simulation method. The numerical
datawere takentobe m = 1.00 andx™ = {2.16, 1.44}" . For the nom-
inal stiffness x", the eigenvalue and eigenvectors were computed
as o =0.72 and @ ={0.50, 1.00}. In the Monte Carlo simula-
tion, nonlinear optimization was preformed 5000 times from the
same starting point x° = {1.8, 1.8}7. The details of the nonlinear
optimization technique used in this simulation were documented
by Banan and Hjelmstad.* The comparison of the X*-a relations is
showninFig. 4. We can make the followingobservationsfromFig.4:

1) There is a critical value a = a,, at which X blows up. Noticing
that there is a logarithm functionlog(1 + A;a) in Eq. (41b), we can
obtain a., as

12
— Exact
----- Optimum Sensitivity
LISI A Mcs, 50
o MCS, 500
z - O MCS, 5000
~ LI
[ A
1.05 A
A
a
1
0 0.1 0.2 0.3 04

a) X} /x11V -a relation

Aoy = —=— = —————— = — (45)

Observe that it is possible for é)l to be egual or close to é)z when
a > a, and that xJ blows up when @, ~ @, [see Eq. (39b)].

2) The truncation error of the present method in X3 is significant
for a > 0.2, whereas it is small for a < 0.2. In contrast, the error in
X7 is small for the entire range shown in Fig. 4. Nevertheless, note
that X7 blows up at a = 1 because it has the term of log(1 —a) as
shown in Eq. (41a). Apparently, the truncation error in X} becomes
significant as a — 1.

3) The Monte Carlo simulation succeeded in capturing the
blowup. The Monte Carlo simulation gave estimates close to the
exact expressions except the estimate of )?; fora=0.4(>a.,= %),
and, when a was 0.4, X} was much larger than in the other cases, as
shown in Figs. 5 and 6.

4) The estimates of the two system parameters lie along a definite
curve in Fig. 6, implying a nonlinear constraint in uncertainty of
the estimates. In this case, the probability distribution of the sys-
tem parameters was not Gaussianin the two-dimensional parameter
space. Hence, the mean and covariance did not adequately describe
the probability distribution of the parameters. These problems are,
in some sense, pathological. They seem to imply an inherent insuf-
ficiency of the data to represent both parameters. No algorithm can
cure insufficient information. A similar observation can be made
when the nonlinear optimization problem has multiple solutions.

B. Six-DOF Spring-Mass System

Consider the parameter estimation of the six-DOF spring-mass
system shown in Fig. 3b. We assume that the observations were
made only for the first mode at the third, fourth, fifth, and
sixth DOF (N, =4, Ny =1). The structural parameters and the

1.2

04

b) & /.7612V -a relation

Fig. 4 Comparison of relations between estimated mean x* of system parameter and level a of uncertain measurement for two-DOF system.
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Fig.5 Variation of mean of estimates with respect to trial number in MCS for two-DOF system.
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parameters for the Monte Carlo simulation were the same as
those for the two-DOF system. For the nominal stiffness, we had
@?=0.1127 and O ={0.5605, 0.7713, 0.9217, 1.0000}. For this
system, Hjelmstad'” showed that, when there was no uncertaintyin
the measurement, the estimate had only one large and another small
attractionbasin when solving the nonlinear least-squares minimiza-
tion from random starting points. Hence, we can expect that the
problem of uniqueness of estimates'”-'® has little effect on the pa-
rameter estimation of this system.

Figures 7-9 depicttheresults of the presentmethod and the Monte
Carlo simulation. For )?T, the result of the Monte Carlo simulation

ARAKI AND HJELMSTAD

approached that of the present method as the number of trials in-
creased. On the other hand, for 3, the difference between these
results became significant for a > 0.2. When a was 0.3, the value of
X5 calculated by the Monte Carlo simulation did not converge after
5000 trials, whereas it converged in fewer than 1000 trials in the
other cases as shown in Fig. 8. From these results and the discus-
sion in Sec. VI. A, we may conclude that X3 blows up somewhere
between a =0.25 and 0.30.

In addition, let us examine the effect of the Gauss-Newton ap-
proximation in Egs. (12) and (13) when e,, # 0. For the measure-

ment in which only b, is changed from 1.0 to 0.8, we obtained x,

x 10
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i
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4 4 l 10
ZRN 2%“ Z%N
*:(\I *:N *:N
2 2 5 :
\ :
i
0 0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
R "/ xN * 1 xN
x/x XX !
a)a=0.2 b)a=0.3 ca=04
Fig. 6 Scatter of estimates in the MCS for two-DOF system.
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Fig.7 Comparison of relations between estimated mean £* of system parameter and level a of uncertain measurement for six-DOF system.
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Fig. 9 Scatter of estimates in MCS for six-DOF system.

by using the following three different methods: 1) the finite dif-
ference method with Aé)4 =0.001, 2) direct differentiation (the
present method), and 3) direct differentiation with the Gauss-
Newton approximation (the conventional sensitivity-based meth-
ods). The values of xf[ computed by these method were as fol-
lows: 1) {0.98684, —3.36169}, 2) {0.98684, —3.36168}, and 3)
{1.02166, —3.49273}. We can clearly observe the good agreement
between the results computed by the present method and the fi-
nite difference method. In contrast, the results calculated with the
Gauss-Newton approximation do not agree with those of the finite
difference method. It is obvious that the error due to the Gauss—
Newton approximation becomes large as the norm of residual vec-
tors increases.

VII. Conclusions

We have presenteda method for statistical parameterestimationof
astructurefromits modalresponsebased on the conceptof optimum
sensitivity. With the present method, we can assess the bias of an
estimate due to nonlinearities in the parametric model. This is the
primary difference between the present method and the previous
methods of statistical parameter estimation that use conventional
sensitivity information. In addition, the present method preserves
the efficiency compared with the Monte Carlo simulation, although
the Monte Carlo simulation is more robust. Careful examination
of the formulations of the present (optimum sensitivity-based and
the previous (conventional sensitivity-based) methods has revealed
that we can view the conventional sensitivity-based methods as a
specialization of the present method.

In the example problems, we have applied the present method and
Monte Carlo simulation to two- and six-DOF spring-mass systems.
In addition, we have derived closed-form expressions of the statis-
tical indices of system parameters for the two-DOF system. With
these closed-form expressions, we have found that the covariance
of the measurement has a critical level at which the statistical in-
dices of an estimate blows up. It appears that such a sudden blowup
has not been reported in the literature but might, indeed, be a com-
mon phenomenon in parameter estimation problems. Although the
present method failed to obtain a reliable estimate in this case, it
provided results close to the closed-form expressions for a wide
range of uncertain levels of the measurement. On the other hand,
Monte Carlo simulation gave results that were consistent with the
closed-form expressions even when the blowup took place. In the
six-DOF system problem, for which such closed-form expressions
are unlikely, we observed that the present method provided results
consistent with those of Monte Carlo simulation, except when the
estimates were prone to blow up.

Based on the results of this research, we suggest that the mixed
use of the present method and the Monte Carlo simulation would
be effective in terms of efficiency and reliability to many practi-
cal problems of statistical parameter estimation. Although we have
treated only parameter estimation from modal response and have
not used regularization methods, it is possible to apply the present

method to other types of parameter estimation and to incorporate
the regularization methods without significant modifications. Be-
cause optimum sensitivity provides much information on the statis-
tics of estimates, applications of optimum sensitivity to the problem
of finding the optimum sensor location or the optimum weighting
factor of nonlinear least-squares estimators are promising future
research topics. In the field of stochastic mechanics, several tech-
niques have been proposedthat give more accuratestatisticalindices
than the perturbation method based on the conventional sensitivity
information. It would be interesting to apply such techniques to
statistical parameter estimation based on the concept of optimum
sensitivity.

Appendix A: Derivatives of Error Function
The derivatives of the error function are obtained as follows:

— 2 —1ar 2., — 2 2 p—lar 2
vie’” - —a)nIQviBnl M¢ vije’” - —a)vaiij M¢m

m?

v?jkem = —wzsz?jszlM(ﬁmﬂ Cmpu = Gmy — CO,%,QB,;qumu
Vien, = —a)ﬁlQV,‘BZIAAlqmu
View,=—w,QV;B, ' Mg,  enu=Vie,,, =0
(AD)

Here, g,,,, is a boolean vector defined as g,,,, = (ng,u» With VB, =

V K, the derivatives of B! can be obtained recursively as

V.B,'=-B,'V.B,B,'

V:B,'=-VB,'V.B,B,' —B,'V,B,V B,

v..B,' =-V.B'VB,B,' -V B,'V.B,V B,
-V,B,'V,B,V B, —B,'V B,V B, (A2)

Appendix B: Limits of Functions Defined in Eq. (40)
Let us derive Eq. (42). A,(a) can be expressed as

1 1 log(1 —log(1 —
Ay(a) = — log +a _ og(1 4+ a) — log( a) B1)
2a l1—a l+a—(1—a)
Hence, we have the following equality as
dl 1
lim Ay(a) = —2%]  — 2| = (B2)
a—0 dz =1 Z =1

where z is an auxiliary variable. The limit of A3(a) and A4(a) can
be obtained similarly. The limit of As(a) is obtained as

lim As(a) =1log1 =0 (B3)
a—>0



1174 ARAKI AND HJELMSTAD

Acknowledgment

This research was supported by Japan Society for the Promotion
of Science (JSPS) Research Fellowships for Young Scientists and
the Grant-in-Aid for JSPS fellows.

References

'Press, W. H., Teukolsky, S. A., Vetterling, W. T., and Flannery,
B. P., Numerical Recipes in Fortran77: The Art of Scientific Computing,
Cambridge Univ. Press, Cambridge, England, U.K., 1992, pp. 498-546.

’Ljung, L., System Identification, Theory for the User, 2nd Ed., Prentice~
Hall, Upper Saddle River, NJ, 1999.

3Bzman, M. R., and Hjelmstad, K. D., “Identification of Structural System
from Measured Response,” Dept. of Civil Engineering, Civil Engineering
Studies SRS579, Univ. of Illinois, Urbana, IL, 1993.

4Friswell, M. L, and Mottershead, J. E., Finite Element Model Updating
in Structural Dynamics, Kluwer Academic, Boston, 1995, pp. 78-84.

5Doeb1ing, S. W.,Farrar, C.R., Prime, M. B., and Shevitz,D. W., “Damage
Identification and Health Monitoring of Structural and Mechanical Systems
from Changes in Their Vibration Characteristics: A Literature Review,” Los
Alamos National Lab., LA-13070-MS, Los Alamos, NM, 1996.

%Housner, G. W., Bergman, L. A., Caughey, T. K., Chassiakos, A. G.,
Claus, R. O., Masri, S. E, Skelton,R. E., Soong, T. T., Spencer, B. F, and Yao,
J.T.P., “Structural Control: Past, Present and Future,” Journal of Engineering
Mechanics, Vol. 123, No. 9, 1997, pp. 897-971.

"Natke, H. G., and Cempel, C., Model-Aided Diagnosis of Me-
chanical Systems: Fundamentals, Detection, Localization, Assessment,
Springer-Verlag, Berlin, 1997, pp. 126-136.

8Sanayei, M., Onipede, O., and Babu, S. R., “Selection of Noisy Mea-
surement Locations for Error Reduction in Static Parameter Identification,”
AIAA Journal, Vol. 30, No. 9, 1992, pp. 2299-23009.

9Sobieszczanski-Sobieski, J., Barthelemy, J., and Riley, K. M., “Sensitiv-

ity of Optimum Solutions of Problem Parameters,” AIAA Journal, Vol. 20,
No. 9, 1982, pp. 1291-1299.

10Schmit, L. A., and Chang, K. J., “Optimum Design Sensitivity Based
on Approximation Concepts and Dual Methods,” International Journal for
Numerical Methods in Engineering, Vol. 20, 1984, pp. 39-75.

Papadimitriou, C., Beck, J. L., and Katafygiotis, L. S., “Asymptotic
Expansions for Reliability and Moments of Uncertain Systems,” Journal of
Engineering Mechanics, Vol. 123, No. 12,1997, pp. 1219-1229.

20 ju, W. K., Belytschko, T., and Mani, A., “Probabilistic Finite Ele-
ment for Nonlinear Structural Dynamics,” Computer Methods in Applied
Mechanics and Engineering, Vol. 56, 1986, pp. 61-81.

13Link, M., “Updating of Analytical Models—Basic Procedures and Ex-
tensions,” Modal Analysis and Testing, edited by J. M. M.. Silvaand N. M. M.
Maia, Kluwer Academic, Dordrecht, The Netherlands, 1999, pp. 281-
304.

“Hjelmstad, K. D., Banan, M. R., and Banan, M. R., “On Building Finite
Element Models of Structures from Modal Response,” Earthquake Engi-
neering and Structural Dynamics, Vol. 24, 1995, pp. 53-67.

SHjelmstad, K. D., “Nonlinear Analysis of Building Structures,” Dept. of
Civil and Environmental Engineering, Civil Engineering Studies SRS 625,
Univ. of Illinois, Urbana, IL, 1999.

16Collins, J. D., Hart, G. C., Hasselman, T. K., and Kennedy, B., “Sta-
tistical Identification of Structures,” AIAA Journal, Vol. 12, No. 2, 1974,
pp. 185-190.

17Hj elmstad, K. D., “On the Uniqueness of Modal Parameter Estimation,”
Journal of Sound and Vibration, Vol. 192, No. 2, 1996, pp. 581-598.

8Beck, J. L., and Katafygiotis, L. S., “Updating Models and Their Uncer-
tainties,” Journal of Engineering Mechanics, Vol. 124, No. 4, 1998, pp. 455-
461.

A. Berman
Associate Editor



