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Optimum Sensitivity-Based Statistical Parameters
Estimation from Modal Response

Y. Araki and K. D. Hjelmstad†

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

Based on the concept of optimum sensitivity, we present a method for estimating the mean and covariance of
parameters of a mechanical system from the statistics of its measured modal response. The optimum sensitivity,
de� ned as the sensitivity of system parameters with respect to observed output, is obtained by direct differentiation
of the Kuhn–Tucker optimality criteria for a nonlinear least-squares output error estimator. With the optimum
sensitivity derivatives up to the second order, we can estimate the second-order approximation of both the mean
and covariance of the system parameters by applying methods developed originally for evaluating the output of
uncertain systems based on the more conventional notion of sensitivity, the sensitivity of system response with
respect to system parameters. The present approach allows us to assess the bias due to nonlinearities in the least-
squares estimator whereas conventional sensitivity-based methods do not. Furthermore, the present method is
generally much more ef� cient than Monte Carlo simulation because nonlinear optimization is performed only
once. We demonstrate through example problems that, compared to the conventional sensitivity-based methods,
the present method provides statistical indices that are more consistent with those obtained by Monte Carlo
simulation.

Nomenclature
a = level of uncertainty in measurement
e = error function
J = objective function
K = stiffness matrix
M = mass matrix
ND = number of degrees of freedom
NL = number of measured locations
NM = number of measured modes
NP = number of system parameters
Rx = covariance of estimate vectors
R U = covariance of measurement vectors
x = system parameters
xN = nominal value of system parameters
x = estimate of system parameters
x = mean of estimates of system parameters
a m = mth modal weighting factor
U = measurement vector
U = mean of measurement vectors
U l = l th component of U
Ám = mth eigenvector
x m = mth natural frequency
r ( ) = gradient with respect to x
r i ( ) = partial differentiationwith respect to xi

Subscript

, l = partial differentiationwith respect to U l

I. Introduction

U NCERTAINTY, both in observations and in system parame-
ters, plays a signi� cant role in parameter estimation, wherein

system parameters are estimated by minimizing the difference be-
tween observationsand predictionsof a model based on the system
parameters to be estimated.1,2 Many researchers have recognized
that a statisticalapproach is needed for this class of problems. In this

Received 12 April 2000; revision received 4 December 2000;accepted for
publication 8 December 2000. Copyright c 2001 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved.

Postdoctoral Fellow, Department of Civil and Environmental Engineer-
ing, 205 N. Mathews Avenue; araki@uiuc.edu.

†Professor, Department of Civil and Environmental Engineering, 205 N.
Mathews Avenue; kdh@uiuc.edu.

paper,we shall refer to the followingproblemas statisticalparameter
estimation: Given the probability distribution of a set of observa-
tions, � nd certain statistical indices of the system parameters. The
basic framework of statisticalparameterestimation is schematically
illustrated in Fig. 1a. This problem is important when, for instance,
we assess the bias and covarianceof estimates,which can be used to
� nd the best measurement locations.This problem is different from
that solved in the Bayesian framework or the maximum likehood
method, in which one usually obtains a unique estimate as the most
likely value of the system parameters from a single measured data
set, knowing probability distribution of system response given the
system parameters.

Parameter estimation is generally cast as least-squareserror min-
imization. If the error function is linear in the system parameters,
the least-squaresminimizationis a quadraticprogrammingproblem,
and a closed-form expression of an estimate of system parameters
is possible.Moreover, if the error function is linear with respect not
only to system parameters,but also to measured outputs,we can ob-
tain closed-formexpressions for the statistical indices of the system
parameters in terms of the statistical indices of the measurements.
On the other hand, if the error function is nonlinear, iterative pro-
cedures are generally required to solve the nonlinear optimization
problem. Many parameter estimation problems in the � eld of struc-
tural mechanics fall into this class of nonlinear least-squares error
minimization problems.3 7

To obtain the statistical indices of system parameters in the non-
linear least-squaresminimization,Monte Carlo simulationhas been
used frequently in the literature.1,3,8 In a Monte Carlo simula-
tion, synthetic observations U i (i 1, 2, . . .) are created by using
computer-generated random numbers such that the sample has a
speci� ed probability distribution as shown in Fig. 1b. Next, a set
of parameter estimates xi are obtained by repeating the nonlinear
least-squaresminimization for each arti� cial observation.Approx-
imate statistical indices of the set of estimated system parameters
can be obtainedaccordingto the standardde� nitionof the statistical
indices of a � nite discrete data set. Thus, the basic concept behind
the Monte Carlo simulation is simple and straightforward.The ap-
proximations improve as the number of synthetic measurements
increases.The Monte Carlo simulation is, however, often computa-
tionally expensivebecausenonlinearoptimizationis repeatedmany
times.

In this paper, based on the concept of optimum sensitivity, we
present a statistical parameter estimation method for a nonlin-
ear least-squares estimator. Throughout this paper, we concentrate
on parameter estimation from modal response. In this problem,
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a)

b)

Fig. 1 Basic concepts of a) statistical parameter estimation and b)
Monte Carlo simulation [probability distribution of measurements
(PDM), statistical indices of system parameters (SISP), nonlinear least-
squares minimization(NLS), Monte Carlo simulation (MCS), statistical
evaluation (SE)].

optimum sensitivity can be viewed as the sensitivity of system pa-
rameters with respect to system outputs, the eigenvaluesand eigen-
vectors of the free vibration problem, which can be measured in
a number of different ways. It should be evident that the ideas
can be easily extended to static and transient dynamic parameter
estimation. The notion of optimum sensitivity used here is con-
ceptually different from, although closely related to, that of con-
ventional sensitivity, the sensitivity of the system response with
respect to the system parameters. Following the approach outlined
by Sobieszczanski-Sobieski et al.9 and Schmit and Chang,10 we ob-
tain optimum sensitivity derivatives by direct differentiation of the
Kuhn–Tucker optimality criteria. This approach is generally more
robust with respect to roundoff errors and more ef� cient than the � -
nite differencemethodused by Sanayei et al.8 From the viewpointof
statistics,optimumsensitivityderivativesenableus to applyef� cient
methods for evaluating the statistics of vector-valued functions,11

which were originally developed for evaluating the output of un-
certain systems based on conventional sensitivity information. We
employ the perturbation method12 because of its simplicity and
ef� ciency.

The organization of this paper is as follows. Section II presents
the basic equations for parameter estimation from modal response.
Section III describes the formulation of optimum sensitivity. In
Sec. IV, based on the perturbation method, we derive the formu-
las for statistical parameter estimation using the optimum sensitiv-
ity derivatives. In Sec. V, we show that the present method can be
viewed as a generalization of the statistical parameter estimation
methods that use the conventional sensitivity. In Sec.VI, we exam-
ine the performance and limitations of the present method via two
example problems.

II. Parameter Estimation from Modal Response
The basic equations are given in this section for parameter esti-

mation of a structure from modal response. We make the following
assumptions on structural modeling although more general mod-
eling is possible13,14: 1) The structure is discretized with a � nite
element model with ND degreesof freedom (DOF). 2) The stiffness
matrix K is parameterizedby a system parameter vector x with NP

components. 3) All of the system parameters but x are known and
deterministic. 4) The structure is undamped. 5) Structural response
is linear with respect to external loads. With these assumptions,
our objective is to estimate x. The eigenvalue problem associated
with free (undamped) vibration of the structure can be expressed
as

K(x)Ám x 2
mMÁm (m 1, 2, . . . , ND ) (1)

where x m is the m th natural frequency and Ám is the eigenvector
correspondingto x m . Throughout this paper, Ám is normalizedwith

u max
m 1, where u max

m is the component that has the maximum abso-
lutevalue in Ám . For simple presentationof ourmethod,we make the
following assumptions concerning the observations: 1) NM ( ND )
modes are measured at NL ( ND ) discrete locations. 2) The total
number of measurements exceeds the number of system parame-
ters, that is, NL NM NP . 3) We consider uncertaintyonly in mode
shape measurements, and we do not consider uncertainty in mea-
sured frequencies.Note, however, that it is straightforwardto incor-
porate the uncertaintyof frequencies.The quantities corresponding
to themeasuredand unmeasuredlocationsare indicatedby caratand
tilde, respectively. To wit, Ám and Ám refer to the parts of Ám as-
sociatedwith the measured and unmeasured locations, respectively.
Let a superscript T indicate the transpose of a vector or a tensor.
Let the eigenvector Ám be partitioned as ÁT

m ÁT
m ÁT

m . De� ne a
measurement vector U of NL NM components as

U T ÁT
1 , ÁT

2 , . . . , ÁT
NM

(2)

From the measurement U , we estimate the system parameter vec-
tor x as the solution of the constrained minimization problem

min
x

J (x, U ) (3)

subject to cL x cU , where cL and cU are the lower and upper
boundsof x speci� ed prior to the optimization.With modal weight-
ing factors a m , we de� ne the least-squaresobjective function J as

J
1

2

NM

m 1

a m e(x, Ám ) e(x, Ám ) (4)

where the center dot indicates the vector inner product.Let the mass
matrix M be partitioned with columns associated with measured
(Á) and unmeasured (Á) DOF M [M M], where M is ND NL

and M is ND (ND NL ) in size. Let the stiffness matrix K be
partitioned similarly. Furthermore, de� ne M0 [0 M] to be the
mass matrix with the M part zeroed out, that is, 0 is an ND NL

zero matrix. With these de� nitions, we de� ne the error function em

as

em(x, Ám ) Ám x 2
mQB 1

m (x)MÁm (5)

Here Q is a boolean matrix and can be de� ned as Q @Á1 / @Á1,
which is the same for each mode, and Bm (x) K(x) x 2

m M0 . As
demonstrated by Hjelmstad et al.,14 the error function em is iden-
tically zero when the mode shapes and frequency are the same as
those gained by Eq. (1) for given x. Note that we deliberatelyavoid
the use of regularization,or penalty,methods in this paperbecause it
is oftendif� cult to set appropriatepenaltyparameters.It is, however,
straightforward to incorporate them.

The parameterestimates can be foundusing a standardnumerical
technique for constrained nonlinear optimization.13,14 De� ne the
Lagrangian function L as

L(x, ¸, U ) J (x, U ) ¸L (cL x) ¸U (x cU ) (6)

where ¸L and ¸U are the vectorof the Lagrangianmultiplierscorre-
sponding to the lower and upper bounds, respectively.Let r denote
the gradient with respect to x. Then the optimal solution x and ¸
satisfy the Kuhn–Tucker conditions

r L(x ) r J (x ) ¸L ¸U 0, ¸L : cL x 0

¸U : x cU 0, x cL 0, cU x 0

¸L 0, ¸U 0 (7)

where colon indicates the component by component multiplication
of vectors. For active subsets ¸ A

L and ¸ A
U of the Lagrangian mul-

tipliers ¸L and ¸U , Eq. (7) can be rewritten as

r J (x ) QT
L ¸ A

L QT
U ¸ A

U 0, QL x cL 0

QU x cU 0 (8)
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where the boolean matrices QL and QU extract the sets of active
constraints for the lower and upper bounds, respectively.

III. Optimum Sensitivity
Following the approach of Sobieszczanski-Sobieski et al.9 and

Schmit and Chang,10 we present the formulation for obtaining op-
timum sensitivity, the sensitivity of the estimate x with respect to
the observation U . Suppose that we have the solution of the mini-
mization problem (3). Then, noticing that all x , ¸ A

L , and ¸ A
U are

functionsof U , we can obtain the optimum sensitivityby direct dif-
ferentiationof the Kuhn–Tucker condition(8) with respect to U . Let
U l denote the l th componentof U , and let the optimum sensitivity
derivatives be indicated by

x, l

@x

@U l

, x, l m

@2x

@U l @U m

(9)

De� ne differential operators in component form as

r i ( )
@( )

@xi
, r 2

i j ( )
@2( )

@xi @x j

r 3
i jk ( )

@3( )
@xi @x j @xk

(10)

where all of the subscriptsi , j , k range from 1 to NP . Differentiating
Eq. (8) with respect to U l , we have

r 2 J QT
L QT

U

QL 0 0

QU 0 0

x, l

¸ A
L , l

¸ A
U, l

C1
l

0
0

(11)

where the coef� cient matrix r 2 J and the known vector C1
l are

obtained in component form as

r 2
i j J

NM

m 1

a m em r 2
i j em r i em r j em (12)

C1
l i

r i J, l

NM

m 1

a m (em r i em, l r i em em, l ) (13)

When the number of the active constraints is small, this simul-
taneous equation can be solved ef� ciently using the bordering
algorithm.15 All of the derivatives of em that appear in this sec-
tion are given in detail in Appendix A. By solving Eq. (11) for each
index l ( l 1, . . . , NL NM ), we can obtain the � rst-order optimum
sensitivity derivatives x, l , ¸ A

L , l , and ¸ A
U , l . Note that r 2 J is same

for every l and needs to be factored only once.
We can obtain higher-order derivatives by repeated differentia-

tion of the Kuhn–Tucker conditions.For instance, differentiationof
Eq. (11) with respect to U m yields the equationsfor the second-order
optimum sensitivity derivatives x, l m , ¸L , l m , and ¸U, l m as

r J 2 QT
L QT

U

QL 0 0

QU 0 0

x, l m

¸ A
L , l m

¸ A
U, l m

C 2
l m

0

0

(14)

where the known vector C2
l m in Eq. (14) can be expressed as

C2
l m i

x, l Zi x, m r 2 J, l x, m i
r 2 J, m x, l i

r i J, l m

(15)

The terms required to evaluate this expression can be computed
as

[Zi ] j k r 3
i jk J

NM

m 1

a m em r 3
i j kem r i em r 2

j kem

r j em r 2
ki em r k em r 2

i j em

r 2
i j J, l

NM

m 1

a m em r 2
i j em, l r i em r j em, l

r j em r i em , l em, l r 2
i j em

r i J, l m

NM

m 1

a m (em r i em, l m r i em em , l m em, l r i em, m

em, m r i em , l ) (16)

Note again that r 2 J need not be factored again in the computation
of the second-orderoptimum sensitivityderivativesbecause it is the
same as that for obtaining the � rst-order derivatives.

IV. Statistical Parameter Estimation
Based on the perturbation method,11,12 we derive the formula

for the approximate statistical indices of the system parameters.
Suppose that we have the mean and covarianceof the measurements
de� ned, respectively, as

U E[U ] (17)

R U E[( U U ) ( U U )] (18)

where indicates the tensor product. Suppose that we also have
the optimum sensitivity derivatives up to second order. Our goal is
to estimate the mean x and covariance Rx of system parameters.
With a Taylor series expansion,we can express the estimated system
parameter vector as

x ( U ) x ( U )
NL NM

l 1

x, l ( U )( U l U l )

1

2

NL NM

l 1

NL NM

m 1

x, l m ( U )( U l U l )( U m U m ) 3 (19)

Equation (19) is validunlessthe set of the activeconstraintschanges.
With these de� nitions, the statistical indices of the system parame-
ters are approximated as

x E[x ( U )] x ( U )
1

2

NL NM

l 1

NL NM

m 1

x, l m ( U )R U
l m

3 (20)

Rx E[(x ( U ) x ) (x ( U ) x )]

NL NM

l 1

NL NM

m 1

x, l ( U ) x, m ( U )R U
l m

3 (21)

With Eqs. (20) and (21), we can obtain the statistical indices of the
system parameters as shown in Fig. 2a.

As a simple example of uncertain measurement distributions, let
us consider the proportional error given by

U l U l (1 f l ) (22)

where f l is a uniform random variate in the range [ a, a] (Refs. 3,
14). With these simpli� cations, Eqs. (20) and (21) lead to the fol-
lowing formula:

x (a) x ( U )
a2

6

NL NM

l 1

x, l l ( U ) U 2
l

4 (23)
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a)

b)

Fig. 2 Basic concepts of a) optimum sensitivity based method and b)
conventional sensitivity based methods [statistical evaluation based on
optimum sensitivity (SEOS), quadratic programming problem (QPP),
statistical evaluation based on conventional sensitivity (SES)].

Rx (a)
a2

3

NL NM

l 1

x, l ( U ) x, l ( U )U 2
l

4 (24)

In Sec. IV, we will use the amplitude a to quantify the level of the
uncertainty present in the measurements. In addition, we assume
that x m and U are given as the solution of the eigenvalue problem
Eq. (1) for the speci� ed nominal value xN regardlessof the value of
a, unless otherwise speci� ed. Note, however, that it may be dif� cult
to justify this assumption when a is large because many factors
contribute to the uncertainty in the observation.Although we have
to be careful in such a case, we employed this assumption because
it is simple, it has been used frequently in the literature,and it leads
to some interesting observations.

The following remarks can be made:
1) Equation (20) shows that both the second-orderoptimum sen-

sitivity derivatives and the covariance of the observation have the
dominant effect on the estimated mean of the system parameters.

2) With Eq. (20), we can assess how the estimation bias is likely
to manifest.

3) From Eq. (21) we can see that the � rst-order sensitivityderiva-
tives, along with the covariance of the measurements, in� uence the
covariance of the system parameters the most.

4) The third-order terms are exactly zero in Eqs. (23) and (24).
5) The sensitivities x, l m do not appear in Eq. (23) for l m .

Hence, they need not be computed in this case.

V. Comparisons with the Conventional
Sensitivity-Based Methods

In this section, we show that the optimum sensitivity-based
method can be viewed as a generalization of the conventional
sensitivity-based methods, wherein conventional sensitivity (i.e.,
the sensitivity of system response with respect to the system pa-
rameters) is used to obtain the mean and covariance of the system
parameters.Link13 gavea conciseexplanationof howonecanuse the
conventionalsensitivityinformationin two conventionalsensitivity-
based methods, the classicalweighted least-squaresmethod and the
extended least-squaresmethod. The classical least-squaresmethod
usesnopenaltyfunction,whereastheextendedleast-squaresmethod
uses the penalty function de� ned by the increment of the system
parameters and the estimate of the covarianceof the system param-
eters speci� ed before optimization. Similar procedures are used to
obtain the statistical indices of the system parameters in the mini-
mum variance method, where the estimate of the covariance of the
system parameters is updated at each iteration in the optimization
process.4,16

Let usderivethe formulationforparameterestimationfrommodal
response using conventional sensitivity information. We omit the
inequality constraints in this section to simplify the discussion, al-
though it is straightforwardto incorporatethem. In the conventional
sensitivity-basedmethods, nonlinear least-squares minimization is
performedonly once for the mean of the observations U as shown in
Fig. 2b. Let a superscriptn( 1, 2, 3, . . .) indicate that the variable
is evaluated at the nth iteration in the nonlinear optimization pro-
cess. Let us suppose that the mean of the system parameters xn 1

is known at the (n 1)th iteration. The subproblem at the nth iter-
ation is, then, to � nd D xn xn xn 1 that minimizes the objective
function J 1

L de� ned hereafter. With the � rst-order Taylor series ex-
pansionabout xn 1, the linearizederror functione1

Lm can be de� ned
as

e1
Lm D xn , Ám em xn 1 , Ám r em xn 1 , Ám D xn (25)

With this linearizederror function,we can de� ne the objective func-
tion J 1

L as

J 1
L ( D xn , U )

1
2

NM

m 1

a me1
Lm D xn , Ám e1

Lm D xn , Ám (26)

The increment D xn is obtained by solving the simultaneous linear
equation

@J 1
L D xn , Ám

@D xn
H1(x

n 1 , U )D xn C 0(xn 1 , U ) 0 (27)

where

[H1]i j

NM

m 1

a m r i em r j em r 2
i j J

NM

m 1

a m em r 2
i j em (28)

[C 0]i

NM

m 1

a m r i em em r i J (29)

Observe that Eq. (28) corresponds to the Gauss–Newton approxi-
mation of theHessianof J , where theerror functionis approximated
as em 0.

Next, consider the statistical indices of the estimate at each it-
eration. In the conventional sensitivity-basedmethods, the original
error function em is often de� ned such that em is linear with respect
to U , that is, em has no cross terms between x and U . Nonetheless,
the output error estimator de� ned by Eq. (5) has this cross term.
A modi� cation is, therefore, needed to obtain the statistical indices
of the system parametersbased on conventionalsensitivity.For this
purpose, we linearize the error function em with respect not only to
x but also to U . Let us de� ne another linear error function e2

Lm as

e2
Lm D xn , D Ám e1

Lm D xn , Ám

NL NM

l 1

em , l xn 1, Ám D U l

(30)

where D U U U . Let us de� ne a new objective function J 2
L as

J 2
L ( D xn , D U )

1

2

NM

m 1

a me2
Lm D xn , D Ám e2

Lm D xn , D Ám

(31)

We obtain D xn by solving

@J 2
L ( D xn , D U )

@D xn
H1(xn 1, U ) D xn C 0(xn 1, U )

H2(xn 1, U ) D U 0 (32)

where the i l th element of H2 is de� ned as

[H2]i l

NM

m 1

a m r i em em, l r i J, l

NM

m 1

a m r i em, l em (33)

Notice that H2 can be regardedas the Gauss–Newton approximation
of r J, l . The solution of Eq. (32) is obtained as

D xn H 1
1 C 0 H 1

1 H2 D U (34)
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where H 1
1 indicates a generalized inverse of H1 . Noticing that

E[D U ] 0 and E[ D U D U ] R U , we obtain the statistical in-
dices of xn as

xn E[xn 1 D xn] xn 1 H 1
1 C0 (35)

Rx n
E[(xn xn ) (xn xn )] H 1

1 H2R U HT
2 H T

1 (36)

At the optimum solution, Eq. (36) yields the covariance of x .
The following remarks can be made:
1) In the conventionalsensitivity-basedmethod, there is no need

to evaluate Rxn
at each iteration to obtain Rx because only xn 1 is

needed to update xn and Rx n
.

2) With the Gauss–Newton approximation, the � rst-order op-
timum sensitivity derivatives computed by Eq. (21) reduce to

H 1
1 H2 in Eq. (34) evaluated at x x . Note here that C0 0

at x x and that H1 and H2 are the Gauss–Newton approximations
of r 2 J and r J, l , respectively.

3) Equations(20) and (35) show that the conventionalsensitivity-
based methods provide no information on the bias of an estimate
due to the nonlinearities in the error functions.

4) Compared to the conventional sensitivity-basedmethods, the
present method requires additional computations of higher-order
derivatives, for example, r 2 J and r 3 J . Nonetheless, because
these additional computations need to be performed only once, the
presentmethod is usuallymuch more ef� cient than the Monte Carlo
simulation.

5) One can recover the mean and covariance of the conventional
sensitivity-basedmethodsbyneglectingcorrespondinghigher-order
derivatives and by applying the Gauss–Newton approximations in
the optimum sensitivity-basedmethod.

VI. Example Problems
In this section,we examine the performance and limitation of the

presentmethodalongwith the MonteCarlo simulation.InSec. IV.A,
we derive closed-form expressions of the statistical indices for the
two-DOF spring–mass system shown in Fig. 3a. Then, for this sys-
tem, we compare three sets of the statistical indices obtained by the
closed-formsolution, the presentmethod, and the Monte Carlo sim-
ulation. Note that for more general and complex models, it would
be very dif� cult, if not impossible, to derive such a closed-form
solution. Hence, the two-DOF example provides a valuable oppor-
tunity to evaluate these methods. In Sec. VI.B, we apply the present
method and Monte Carlo simulation to the six-DOF spring–mass
system depicted in Fig. 3b to demonstrate the more general case.

A. Two-DOF Spring–Mass System
Let us estimate the statistical indices of the stiffness parameters

of the two-DOF spring–mass system shown in Fig. 3a. We assume
that the natural frequency and the mode shape are measured only
for the � rst mode at both DOF (NM 1 and NL 2). We consider
only the lower bound cL 0. The eigenvalue problem for the � rst
mode can be written as

x1 x2 x2

x2 x2

U 1

U 2

x 2
1

m1 0

0 m2

U 1

U 2

(37)

Noting that the left-hand side of Eq. (37) is a linear combinationof
x1 and x2, we can rewrite Eq. (37) as

U 1 U 1 U 2

0 U 1 U 2

x1

x2
x 2

1

m1 0

0 m2

U 1

U 2

(38)

Assume that U 1 0 and U 1 U 2 . Then the estimate x can be
obtained uniquely as

x1 x 2
1[m1 m2( U 2 / U 1 )] (39a)

x2 x 2
1m2[U 2 / ( U 2 U 1 )] (39b)

Observe that the estimate x is a function of U 1 and U 2.

a) Two-DOF

b) Six-DOF spring–mass systems

Fig. 3 Example models.

With Eq. (39), we can derive the closed-form expressions of the
exact and approximate statistical indices of x . First, consider the
exact statistical indices. De� ne Ai (a) as

A1
U 1 U 2

U 1 U 2

, A2(a)
1

2a
log

1 a

1 a

A3(a)
1

A2
1 1 a2

log
1 a2

1 A2
1a

2

A4(a)
1

2A1a
log

1 A1a

1 A1a
, A5(a) log

1 a2

1 A2
1a

2
(40)

Recall that a is the level of the uncertaintypresent in measurements
de� ned in Sec. IV. Performing integration in accordance with the
standardde� nition of mean and covarianceof continuousfunctions,
we obtain the exact statistical indices as follows:

x1(a) x 2
1 m1 m2

U 2

U 1

A2(a) (41a)

x2(a)
x 2

1m2

2
1

U 1

U 2

U 2

U 1

A5(a) A2
1 1 A3(a)

4

A2(a)
U 1

U 2

U 2

U 1

A1 A4(a) (41b)

R x
11(a) x 4

1 m2
1 2m1m2

U 2

U 1

A2(a)
1
3

m2
2

U 2
2

U 2
1

a2 3
a2 1

x 2
1 (a)

(41c)

R x
22(a) x 4

1m2
2 1

U 1

U 2

A5(a) A2
1 1 A3(a)

4

A2(a) A1 A4(a) x 2
2 (a) (41d)

R x
12(a) R x

21(a) x 2
1 (m1 m2)x2(a) x 2

1m2
2

U 2

U 1

A2(a)

x1(a)x2(a) (41e)

As shown in Appendix B, we have the following relations:

lim
a 0

A2(a) lim
a 0

A3(a) lim
a 0

A4(a) 1, lim
a 0

A5(a) 0

(42)

With these limits, we can show that

lim
a 0

x (a) x ( U ), lim
a 0

Rx (a) 0 (43)

Next, let us consider the approximate statistical indices using
optimum sensitivity.Because we have the closed-form expressions
of x ( U ), it is straightforward to obtain the optimum sensitivity
derivatives. Differentiating x with respect to U and substituting
the derivatives into formula (23) and (24), we have
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x1(a) x 2
1 m1 m2

U 2

U 1

x 2
1m2

3

U 2

U 1

a2 4

x2(a) x 2
1m2

U 2

U 2 U 1

x 2
1m2

U 1 U 2( U 1 U 2)

3( U 2 U 1 )3
a2 4

Rx
11(a)

2

3
x 4

1m2
2

U 2
2

U 2
1

a2 4

Rx
22(a)

2

3
x 4

1m2
2

U 2
1 U

2
2

( U 2 U 1 )4
a2 4

R x
12(a) Rx

21(a)
2
3

x 4
1m2

2

U 2
2

( U 2 U 1)2
a2 4 (44)

Based on the preceding equations, we can compare numerically
the x –a relation,or the relation between the estimated mean of the
system parameters and the level of uncertainty in the measurement,
obtained by the exact expressions [Eq. (41)], the present method
[Eq. (44)], and the Monte Carlo simulation method. The numerical
datawere takento be m 1.00 andxN 2.16, 1.44 T . For the nom-
inal stiffness xN , the eigenvalue and eigenvectors were computed
as x 2

1 0.72 and U T 0.50, 1.00 . In the Monte Carlo simula-
tion, nonlinear optimization was preformed 5000 times from the
same starting point x0 1.8, 1.8 T . The details of the nonlinear
optimization technique used in this simulation were documented
by Banan and Hjelmstad.3 The comparison of the x –a relations is
shownin Fig. 4.Wecanmake the followingobservationsfromFig.4:

1) There is a critical value a acr at which x2 blows up. Noticing
that there is a logarithmfunction log(1 A1a) in Eq. (41b), we can
obtain acr as

a) Åx ¤
1 /xN

1
–a relation b) Åx¤

2 /xN
2

–a relation

Fig. 4 Comparison of relations between estimated mean Åx¤ of system parameter and level a of uncertain measurement for two-DOF system.

a) Åx ¤
1 /xN

1
–trial number relation for a = 0:1–0:4 b) Åx¤

2 /xN
2

–trial number relation for a = 0:1–0:3 c) Åx ¤
2 /xN

2
–trial number relation for a = 0:4

Fig. 5 Variation of mean of estimates with respect to trial number in MCS for two-DOF system.

acr
1
A1

U 1 U 2

U 1 U 2

1

3
(45)

Observe that it is possible for U 1 to be equal or close to U 2 when
a acr and that x2 blows up when U 1 U 2 [see Eq. (39b)].

2) The truncation error of the present method in x2 is signi� cant
for a > 0.2, whereas it is small for a 0.2. In contrast, the error in
x1 is small for the entire range shown in Fig. 4. Nevertheless, note
that x1 blows up at a 1 because it has the term of log(1 a) as
shown in Eq. (41a). Apparently, the truncation error in x1 becomes
signi� cant as a 1.

3) The Monte Carlo simulation succeeded in capturing the
blowup. The Monte Carlo simulation gave estimates close to the
exact expressions except the estimate of x2 for a 0.4( >acr

1
3 ),

and, when a was 0.4, x2 was much larger than in the other cases, as
shown in Figs. 5 and 6.

4) The estimates of the two system parameters lie along a de� nite
curve in Fig. 6, implying a nonlinear constraint in uncertainty of
the estimates. In this case, the probability distribution of the sys-
tem parameterswas not Gaussian in the two-dimensionalparameter
space. Hence, the mean and covariancedid not adequatelydescribe
the probability distribution of the parameters. These problems are,
in some sense, pathological.They seem to imply an inherent insuf-
� ciency of the data to represent both parameters. No algorithm can
cure insuf� cient information. A similar observation can be made
when the nonlinear optimization problem has multiple solutions.

B. Six-DOF Spring–Mass System
Consider the parameter estimation of the six-DOF spring–mass

system shown in Fig. 3b. We assume that the observations were
made only for the � rst mode at the third, fourth, � fth, and
sixth DOF (NL 4, NM 1). The structural parameters and the
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parameters for the Monte Carlo simulation were the same as
those for the two-DOF system. For the nominal stiffness, we had
x 2

1 0.1127 and U T 0.5605, 0.7713, 0.9217, 1.0000 . For this
system, Hjelmstad17 showed that, when there was no uncertainty in
the measurement, the estimate had only one large and another small
attractionbasin when solving the nonlinear least-squaresminimiza-
tion from random starting points. Hence, we can expect that the
problem of uniqueness of estimates17,18 has little effect on the pa-
rameter estimation of this system.

Figures7–9 depict the resultsof the presentmethodand theMonte
Carlo simulation. For x1 , the result of the Monte Carlo simulation

a) a = 0:2 b) a = 0:3 c) a = 0:4

Fig. 6 Scatter of estimates in the MCS for two-DOF system.

a) Åx ¤
1 /xN

1
–a relation b) Åx¤

2 /xN
2

–a relation

Fig. 7 Comparison of relations between estimated mean Åx ¤ of system parameter and level a of uncertain measurement for six-DOF system.

a) Åx¤
1 /xN

1
–trial number relation for a = 0:10–

0:30
b) Åx¤

2 /xN
2

–trial number relation for a = 0:10–

0:25 c) Åx¤
2 /xN

2
–trial number relation for a = 0:30

Fig. 8 Variation of mean of estimates with respect to trial number in MCS for six-DOF system.

approached that of the present method as the number of trials in-
creased. On the other hand, for x2 , the difference between these
results became signi� cant for a 0.2. When a was 0.3, the value of
x2 calculatedby the Monte Carlo simulation did not converge after
5000 trials, whereas it converged in fewer than 1000 trials in the
other cases as shown in Fig. 8. From these results and the discus-
sion in Sec. VI. A, we may conclude that x2 blows up somewhere
between a 0.25 and 0.30.

In addition, let us examine the effect of the Gauss–Newton ap-
proximation in Eqs. (12) and (13) when em 0. For the measure-
ment in which only U 4 is changed from 1.0 to 0.8, we obtained x,4
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a = 0:1 a = 0:2 a = 0:3

Fig. 9 Scatter of estimates in MCS for six-DOF system.

by using the following three different methods: 1) the � nite dif-
ference method with D U 4 0.001, 2) direct differentiation (the
present method), and 3) direct differentiation with the Gauss–

Newton approximation (the conventional sensitivity-based meth-
ods). The values of x T

,4 computed by these method were as fol-
lows: 1) 0.98684, 3.36169 , 2) 0.98684, 3.36168 , and 3)
1.02166, 3.49273 . We can clearly observe the good agreement

between the results computed by the present method and the � -
nite difference method. In contrast, the results calculated with the
Gauss–Newton approximation do not agree with those of the � nite
difference method. It is obvious that the error due to the Gauss–

Newton approximation becomes large as the norm of residual vec-
tors increases.

VII. Conclusions
We havepresenteda methodfor statisticalparameterestimationof

a structurefrom its modal responsebasedon theconceptof optimum
sensitivity. With the present method, we can assess the bias of an
estimate due to nonlinearities in the parametric model. This is the
primary difference between the present method and the previous
methods of statistical parameter estimation that use conventional
sensitivity information. In addition, the present method preserves
the ef� ciency compared with the Monte Carlo simulation, although
the Monte Carlo simulation is more robust. Careful examination
of the formulations of the present (optimum sensitivity-based) and
the previous (conventional sensitivity-based) methods has revealed
that we can view the conventional sensitivity-based methods as a
specializationof the present method.

In the exampleproblems,we have applied the presentmethod and
Monte Carlo simulation to two- and six-DOF spring–mass systems.
In addition, we have derived closed-form expressions of the statis-
tical indices of system parameters for the two-DOF system. With
these closed-form expressions, we have found that the covariance
of the measurement has a critical level at which the statistical in-
dices of an estimate blows up. It appears that such a sudden blowup
has not been reported in the literature but might, indeed, be a com-
mon phenomenon in parameter estimation problems. Although the
present method failed to obtain a reliable estimate in this case, it
provided results close to the closed-form expressions for a wide
range of uncertain levels of the measurement. On the other hand,
Monte Carlo simulation gave results that were consistent with the
closed-form expressions even when the blowup took place. In the
six-DOF system problem, for which such closed-form expressions
are unlikely, we observed that the present method provided results
consistent with those of Monte Carlo simulation, except when the
estimates were prone to blow up.

Based on the results of this research, we suggest that the mixed
use of the present method and the Monte Carlo simulation would
be effective in terms of ef� ciency and reliability to many practi-
cal problems of statistical parameter estimation. Although we have
treated only parameter estimation from modal response and have
not used regularization methods, it is possible to apply the present

method to other types of parameter estimation and to incorporate
the regularization methods without signi� cant modi� cations. Be-
cause optimum sensitivityprovides much information on the statis-
tics of estimates, applicationsof optimum sensitivity to the problem
of � nding the optimum sensor location or the optimum weighting
factor of nonlinear least-squares estimators are promising future
research topics. In the � eld of stochastic mechanics, several tech-
niqueshavebeenproposedthat give more accuratestatisticalindices
than the perturbation method based on the conventional sensitivity
information. It would be interesting to apply such techniques to
statistical parameter estimation based on the concept of optimum
sensitivity.

Appendix A: Derivatives of Error Function
The derivatives of the error function are obtained as follows:

r i em x 2
m Q r i B 1

m MÁm , r 2
i j em x 2

m Q r 2
i j B

1
m MÁm

r 3
i jk em x 2

m Q r 3
i j kB

1
m MÁm , em, l qm l x 2

m QB 1
m Mqm l

r i em , l x 2
mQ r i B 1

m Mqm l

r 2
i j em , l x 2

mQ r 2
i j B

1
m Mqm l , em, l m r i em , l m 0

(A1)

Here, qm l is a boolean vector de� ned as qm l Ám , l . With r i Bm

r i K, the derivatives of B 1
m can be obtained recursively as

r i B 1
m B 1

m r i BmB 1
m

r 2
i j B

1
m r j B 1

m r i Bm B 1
m B 1

m r i Bm r j B 1
m

r 3
i jk B 1

m r 2
j kB

1
m r i Bm B 1

m r j B
1

m r i Bm r kB
1

m

r k B 1
m r i Bm r j B 1

m B 1
m r i Bm r 2

j kB
1

m (A2)

Appendix B: Limits of Functions De� ned in Eq. (40)
Let us derive Eq. (42). A2(a) can be expressed as

A2(a)
1

2a
log

1 a

1 a

log(1 a) log(1 a)

1 a (1 a)
(B1)

Hence, we have the following equality as

lim
a 0

A2(a)
d log z

dz
z 1

1
z

z 1

1 (B2)

where z is an auxiliary variable. The limit of A3(a) and A4(a) can
be obtained similarly. The limit of A5(a) is obtained as

lim
a 0

A5(a) log 1 0 (B3)
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